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Let w be a primitive 2”-root of unity, for n ) 2, and ,4 = Z[o] 0 G be the twisted 
group ring, where G = (a: u2 = 1) and where u. a = Eu, CI E Z[w], with d the 
complex conjugate of a. The purpose of this paper is to find the non-isomorphic 
indecomposable kktttkes. Q 1985 Academic Press, Inc. 
In this paper we examine the integral representations of a twisted group 
ring A = S o G, where G = (a: uz = l), and where S is the valuation ring of 
the field L = Q,(o), with Q2 the 2-adic completion of the field Q of rationals 
and w a primitive 2”th root of 1, where n 2 2. The map o --t w -’ induces an 
automorphism a -+ is of L, and multiplication in A is defined by u . a = &r, 
a E S. 
The order A is one of the few non-hereditary orders ([6]) of finite 
representation type ([5]) and it is therefore of interest to find all non- 
isomorphic indecomposable A-lattices; these burn out to be S, P and A, 
where P is the maximal ideal of S. 
We follow the terminology of [3], and refer to [4] for facts about 
cyclotomic extensions and their properties. 
1. A-LATTICES 
We first find the non-isomorphic irreducible A-lattices. Let 
K = Qz(w + W), R the valuation ring of K, P, = q,R the prime ideal of K, 
where rr,, = (1 - o)( 1 - ~5). Put p = 7cS, the prime ideal of S, where 
z= (1 -CO). Then ([4]) 
S/PER/P,Z Z/22. 
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If A = L 0 G is the twisted group algebra, then (13, Sect. 291 
A z End, L z M,(K), 
where M,(K) is the ring of 2 X 2 matrices over K. Then L is the unique 
simple A-module, so ([I, (75.6)]) th e irreducible A-lattices are just 
ambiguous ideals of S, that is, ideals M of S such that aM = M. Two such 
ideals are isomorphic if and only if they differ by a factor from K, and since 
P,S = P2, it follows that the non-isomorphic irreducible A-lattices can be 
chosen as P and S. 
Let us set 
l.4 = jf/?t, y=(u- I)/@+ 1). 
Then u and y are units in S, and 
Q= u-1, J= -y. 
PROPOSITION 1. There is an exact non-split sequence of A-lattices and 
A-homomorphisms 
o--ts-%n-f,s-0, 
where 
g(a) = aYe - I>, f(a + ba) = a + b for a, b E S. 
Proof. It is easily verified that f and g are A-homomorphisms for which 
the indicated sequence is exact. Further, the sequence splits if and only if 
a + ~7 = 1 for some a E S ([ 61). N o such a E S exists, however, since L/K is 
wildly ramified ([4]). 
In the same manner, we obtain 
PROPOSITION 2. There is an exact non-split sequence 
where 
O-xSJ+A-LIIS-0 
g(na) = au - ly(a - u), f(a + bu) = (a + bu) 7c for a, b E S. 
We use these to prove 
PROPOSITION 3. Viewing P and S as A-lattices, we have 
Ext(S, S) g Z/22 g Ext(P, P), 
Ext(S, P) = 0, Ext(P, S) = 0, 
where Ext means Exti. 
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ProoJ From Proposition 1 we obtain 
Ext(S, S) z Hom,(S, S)/g* Horn,,@!, S). 
But Hom,(S, S)r R ([3, Ex. 21.1]), while for a E S, g*a is right 
multiplication by ~(a - 1) a on S. But in S 
y(o- l)a=y(E-a)=-((++a). 
Since TLIK(S) = n,R ([4, V, Sect. 3]), this gives 
Ext(S, S) % R/PO = Z/22. 
The other formulas are obtained similarly. 
It follows from the above that A is the unique non-split extension of S by 
S, and also of P by P. Further any extension of S by P, or of P by S, must 
be split. Using this we establish 
THEOREM. Up to isomorphism there are exactly 3 indecoiposable 
A-lattices, namely, P, S and A. 
Proof Since P and S are irreducible, they are also indecomposable. 
Further, 
rad-4 =&?+A@- l), A/rad A z S/M. 
so A is also indecomposable. 
Now let M be a /i-lattice of S-rank k > 1. Then K OR A4 cz LCk), since L is 
the unique simple A-module. Intersecting an A-composition series of K @R A4 
with M, we obtain an R-composition series for M: 
M=M,>M,-, > .a- >M, >M,=O, 
in which each quotient Mi/Mi-, is an irreducible A-lattice, so is either P 
or S. 
Relative to a suitable R-basis, M affords a matrix representation of A: For 
AEA, 
M,,(k) M,,(J) +.a M,,@> 
M,,(A) a-. M&) 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
0 M/d@) I 
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For each i, Mii is the representation afforded by either P or S. If for some i, 
the representation 
[ 
Mii Mi,i+l 
0 Mi+ l,i+l I 
is non-split, then the earlier remarks show that it must be equivalent o the 
representation afforded by A. Since A is projective (and weakly self- 
injective), it then follows that A is a direct summand of M. Therefore M z A, 
and the proof is complete. 
2. GLOBAL CASE 
Changing notation, suppose now that A = S 0 G with G cyclic of order 2, 
where now 
S = Z[w] = alg. int. {L}, L = Q(w)> 
with o a primitive 2”th root of 1, where n > 2. Since the completion of A at 
any odd prime is a maximal order [6], if follows from Section 1 that the 
indecomposable A-lattices have the form 
SI, nSI, M, 
where Z ranges over a full set of ideal class representatives of the ring 
R = Z[w + W], and M ranges over a full set of non-isomorphic A-lattices 
whose 2-adic completion M, is isomorphic to A,. The number of non- 
isomorphic M’s is thus the order of the locally free class group Cl(A). By 
(121) 
Cl(A) z Cl(R), 
so there are h non-isomorphic M’s, where h = ]Cl(R)(. Thus we obtain 
precisely 3h non-isomorphic indecomposable lattices. Those corresponding 
to elements of Cl(A) may be chosen as non-split extensions 
O+SI-+M+S-+O, 
with I as above. 
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